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Effects of the Centrifugal Forces on a Gas
Between Rotating Cylinders

L. M. de Socio,*N. Ianiro," and L. Marino*
University of Rome “La Sapienza,” 00161 Rome, Italy

The gas flow between two concentric rotating cylinders is investigated over a wide range of governing dimen-
sionless products. Analytic solutions are given for the free molecular flow, for the Bhatnagar-Gross-Krook model
up to the first-order approximation,and for the hydrodynamiclimit in the Chapman-Enskog expansion. The slip
flow boundary conditions are extensively discussed, and a constructive solution to the transitional flow is proposed.
Numerical direct simulation data are obtained and adopted as exact reference experimental results.

Nomenclature
c = sound speed
f = molecular velocity distribution function
Gr = AR/R,
Kn = Knudsen number
N = number of representative molecules
N, = number of time steps
n = number density
r, 0,z = cylindrical coordinates
T = temperature
Ug = tangential velocity
V,, Vg, v, = component of microscopic velocity v
AR = gap width
(©) = ratio of wall temperatures
K = thermal conductivity
A = mean free path
u = viscosity coefficient
P = mass density
Q = angular speed
Subscripts
0 = condition at rest
1,2 = internal and external wall, respectively

Introduction

HE subject of this paper is the Couette flow between two con-
centricrotatingcylinders with radii R, and R, > R;. This prob-
lem has received noticeable attention in the past, and the pertinent
literature is extremely vast and increasing due to the interestin this
physical situation, where mass forces act on the fluid.!' ™
The problem is considered in the entire Knudsen number range
to take into account rarefaction effects in addition to geometric and
wall velocity parameters. The analytical and numerical solutions
obtained are aimed at providing better physical insightinto the rel-
evance of each parameter in establishing steady flow field charac-
teristics.
Recently direct simulation obtained by numerical codes’ has pro-
vided reference solutions that proved to be in excellent agreement
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with the unfortunately scarce experimental data. We adopted a code
based on the direct-simulation Monte Carlo (DSMC) method to ob-
tain what we will consider in the following as the database of exact
solutions.

The main significant dimensionless products on which the con-
sidered phenomenology depends are the Knudsen number Kn, the
Mach numbers at the two walls Ma, and Ma,, the temperature ra-
tio ® =T,/ T}, and the ratio of the gap width to the internal radius
Gr=AR/R,. Here Kny =A1y/ AR and Ma =QR/c and A, is the
mean free path of the fluid at rest, £2R is the wall velocity, 2 is the
angular speed, c is the speed of sound at the wall temperature, and
T is the temperature. The indices 1 and 2 refer to the internal and
the external wall, respectively.

The limit cases for Kny— 0 and Kn,— oo will be considered
first. In particular when the Knudsen number tends to zero, the
hydrodynamic limit of the Boltzmann equation will be formally
expressed in the form of the Navier-Stokes (NS) equations and the
associated boundary conditions in the usual linear slip flow form.

A further approximation of the boundary conditions for small
Knudsen number Kng, such as Burnett’s approximation, was not
considered due to the cumbersome calculations that are involved
and to the still debated usefulness and physical derivation®’

For Kny— oo, the free molecular flow (FMF) solution and the
solution to the linearized Bhatnagar-Gross-Krook (BGK) model
up to first order will be given. As a by-product, the value of the
velocity slip at the walls will be shown as a function of the set of
dimensionless products reported earlier.

Comparisons of the results of the analytical models presented
previously are given with respect with the exact simulated ones in
a number of cases. Finally, attention will be paid to the particular
case where ® =1, Ma, =0, and Ma, #0. In this case, and in the
transitional regime, for fixed Gr, fluid flow situations are present
where the density distribution along the gap follows the NS model
in a region adjacent to the exterior wall and FMF behavior near
the internal wall. Approximate solutions for the density and the
velocity will then be proposed that compare favorably with the exact
solutions.

Direct Simulation

As mentioned, we will take the results of a direct simulation
using a DSMC as exact reference data. Previous research® showed
substantial agreement between simulated and experimental data,
although the available experiments were relatively old and some of
them, for high Knudsen number Kny, are arnbiguous,.2

Our calculations were carried out by running a computer code
(on a personal computer Pentium II, 200 MHz) that was adapted
from one presented in Ref. 8. In all of the cases the gas was ar-
gon, the physical properties of which are reported in Ref. 8, the
computationaldomain was divided into 100 cells with N =10,000
representativeparticles. The convergence was proved by a criterion
based on the norm (g' —g'~1)/g'~!, where g’ is the value of a



270 pE SOCIO, IANIRO, AND MARINO

n' 3
14 w AVV(x10)
1.2 -,
1. Y

0 “}
0.8 1nA
0.6 ':‘txi .

2
5 10 15 20 25 30 35 Ng(x 10 )
a) N =1000; 100 cells
-3
0.4 :’: Aviv (x 10 )
x
0.3 Fgd

0.2

0.1

5 10 15 20 25 30 35 Ns(Xw?)
b) N =10,000; 100 cells

2.5 3,

. AV (x 10_3)
2.0

1.5
1.0

0.5

5 10 15 20 25 30

2
3% Ng(x 10°)
¢) N=10,000; 500 cells
Fig. 1 Case ® =1,Kny=2,Ma; =0.5,Gr=0.1.

macroscopic variable (density, temperature, velocity) at step i in
some indicative cells.

No attempt was made in optimizing the CPU time, and some runs
took a few days to reach accurate results. The most critical cases
required N; =4000 time steps, each time step At being constant.
We recall that At is an updating step in a process that is stationary?

Figures 1 and 2 show the convergenceof the velocity modulus and
number density to the final result in a significant case as a function
of the number of steps. In Figs. 1 and 2, Au/u =(u' —u ~1)/u’~!
was calculated in the midstep cell and is analogous for the number
density n.

NS Equations

The gas is confined between two coaxial isothermal cylinders in-
finitely long so that the properties of the gas do not change along
the cylinder axis z. By taking into account the axial symmetry, the
distributionfunction does not depend on the angular 6 coordinate. It
follows that the stationary Boltzmann equation in rescaled macro-
scopic cylindrical coordinates, as usual, reads

2
Df=vrﬁ+ﬁﬁ_v’v"i=LQ(ﬁf) (1)

or r ov, r 0vg Kny

where Q is the usual Boltzmann collision operator, v =(v,, vy, V)
is the velocity of a particle,and r € [R;, R;].
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Fig. 2 Case ® =1,Kny=2,Ma; =0.5,Gr=0.1.

The boundary conditions at r = Ry, R,, corresponding to zero
mass flux at the walls, are diffusive, that is,

v, >0 (2a)

f(Ry,v) = —Ml(V)f dvy, f(R,v),

v <0

f(Ry,v) = Mz(v)f dvy, f(R, v), v, <0 (2b)

v >0

with M; = exp{—[v? + (vo — Q R;)> + 21/ 2kT;}/ 2w k>T?), where
k is the ratio of the Boltzmann constant to the molecular mass.

At small Kny =€, we can construct a solution to the boundary
value problem of Egs. (1) and (2) of the form

fe=fotefi+--+efs+ fr

The first terms are the interior solutions given by the Chapman-
Enskogexpansion, f5 is the boundary-layerexpansion,and ff is the
error term. Here f is a Maxwellian distributionwhose macroscopic
parameters satisfy the NS equations (¢, =0, W)

0 1
—(pkT) = —pu} (3a)
or r
0 > 8u9 Ug
— v _=t — b
ar[r#(ar r)] 0 (36)
0 oT ou u :
0 0
—_— + — e — =
—ar[ricar] 2y[ " . ] 0 (3c)

underno velocity slipand no temperaturejump boundary conditions,

uo(R;) = LRy, T(R) =T, i=1,2
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where p(7T') and k(T') are the viscosity and the thermal conductivity
coefficients and the total mass

Ra
j rp(r)dr
R

1

is assigned.

In the following, the derivationof Egs. (3) from Eq. (1) is formally
proven,and Eq. (3)is solved for constantu and k, takinginto account
the boundary slip conditions that come from f5.

Far from the boundaries, the solution is f€ = fy + €f, + € f,
+ ---with fo, fi1, f2, ..., such that

Q(fo. fo) =0
Dfy=20(fo. f1) = Lfi
Dfi =20(fo. ) + Q(f1. 1)
“)

where f, is a Maxwellian distribution and f, =L~ (Df,) + ¥,
provided that PDf, =0, where P is the projection onto the null
L =span{l, v, v?}, and ¥, is an arbitrary function belonging to null
L (Refs. 9-11).

From PDf, =0 one has

10 0 pu?

=—(rpu,) =0, —(pkT) = —* 5)

ror or r

The first of Egs. (5) with the boundary conditions gives u, =0, V.
Next

_ -l (VG_MQ) aﬁ_ﬂ
fi=L [Vr—kT ]fo[ 3r - ]

vZ+ (vog—ug)® 5 10T
““{W[%‘z]}fﬂ?a—r”’l ©

and the solvability condition to obtain f, gives Egs. (3b) and (3¢)
with

1
u = ﬁj dvv,(vo — ug) L™ [v,(vo — up)1fo

1 S V24 (vog—up)® 5
= — L - -
K Tj dvv,v {v,[ T 3 fo

In the 7T} =T, case and for small values of the Mach number at
the walls, the temperature T does not significantly change with r, so
that i and k can be assumed constant. Then analytical solutions can
be obtained for the NS equations with no-slip boundary conditions.
In particular for the tangential velocity and the density distribution,
one has

ar Cy
ug(r) = + - p(r) =poexp| | hy(r)dr
where
h - T 2 2
hy(r) = ) =T hy(r) = =& + 2 4 22
T(r) 4r 3 r

withe; =2(R} — QL R3)/(R? — R3) andc, =[RIR5( — Q))]/
(R? — R2), and which is analogous for T'(r).

The expressions for the macroscopic variables hold in the inte-
rior of the domain but not at its boundaries. The boundary-layer
expansion fp provides the transition, over a distance €, from the
boundaryconditionsimposedatr = R;, R, tothe Chapman-Enskog

expansion.’1?
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Fig. 3 Comparison of DSMC results with the analytical NS results:
no-slip BC, ® =1, Kny = 0.002, Ma; =0.5, and Gr=0.1.

The slip boundary conditions that come from the boundary-layer
terms are!!:12

dug  ug
ug(R) = QR + cA| — — —
dr r
Ry
dug ug
up(Ry) = R, — Cf/l(— -— (7
dr r )

whereas the temperature jump is negligible for ® =1.

Figures 3a and 3b show, in a significant case, the comparison
and the excellent agreement between the previous solutions and
the DSMC solutions as far as velocity and density are concerned.
The correspondingtemperatureprofiles (not shown) show negligible
differences.

FMF

At large Knudsen numbers, the Boltzmann equation for FMF
takes the form

Lo LS vvedf
or r ov, r 0V

®)

with the boundary conditions already given in Eq. (2).
The distribution function f is constant along the straight lines

Ve = const/r, vi+vi=2E 9)
F0v) = =hMRDIH[v, = G/ 12 = RE/ R Ivol]
+ LMRIH[G)r = B[ R)Ivel = v,] (10)

where H is the Heaviside step function,

Jia =] dw, f(R12,v)
v <0,vr >0

V2412 + Q2R = 2vpr( + v?)
1 1 <

1
M;[v(R)] = -
iv(R)] KT eXp( T,

Particles from the internal cylinder arrive at point P(r, v) if o =
tan~!(vo/v,) is restricted to the interval [—&, @], where tan & =
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J(r* = R%)/ R, . The distribution function for v outside of the pre-
vious cone corresponds to the one of the molecules that is reemitted
from R,.
For the mass flux across each boundary to be zero,
Q(R; - RD)
=J; = Jexp|———————
1 2 €Xp KT
and J, is determined by the normalization condition

Rz
] dvr drf =m =const
R

1

From Eq. (10) we can evaluate the macroscopic variables and
their fluxes as, for example,

Pro =] dvv,(ve — ue) f

Q(R - R | R}
2T

= Jyexp|— —(Ql

Subsequently, a linearized BGK model of Eq. (1) was con-
sidered, to take into account the effect of the collisions to first
order. In particular for 7\ =7, =T, €, =0, and €, small, one

takes f = f,,(1+ ¢) with f,, =[no/(27kT)*?] exp(—v2/2kT)
and where
D¢ = + —u' + v 3 ¢
=v|n'+ —= - )| ==
kT 2kT 21 T
¢(R1,V)——91R1, v, >0
¢(Ry,v) =0, v, <0 (11)

where v is the collision frequency,

nou' =] dvvofo, @, n' =] v i

3
2 kT
2"

1 3
= 5] dvvzﬁ,q(p - E”lkT
The FMF solution (v =0) is
977 (r,v) = (ol KT H[v, = (4/r2 = R/ R)Ivel] - (12)

Substituting Eq. (12) into the right-hand side of Eq. (11) gives
the first-order correction to the free molecular distribution function

¢1(r,v)=] dr' — {—Ve(r/)u
R

Lifme N _ afmr,/ !
R - ¢ [r,v(r)]}

R2 fa LV vo(r') Jdm
H( R 'Ve') ||
. 72— R?
— ¢/, V(r/)]}H(%IVeI - vr) (13)
1

(Note that n'-/” =0 and T"/™ =0.)

For the sake of simplicity, we assume v =|v,|/ 4, as is often
done, althoughthis assumptioncorrectlyholds for Ma, aroundunity.
The macroscopic variables can be then explicitly evaluated and,
therefore,
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and analogous this is for u4(R,). The linearized BGK model pro-
vides calculated solutions that give negligible improvements with
respectto the nonlinear FMF solutions, within an acceptablevalidity
range of the simplifying assumptions.

Figure 4 shows the behavior of the mean velocity and of the
density from Eq. (10) in comparison with the DSMC solutions.
Moreover for small Kn, but great Ma, and/or Ma,, we note that the
macroscopic quantities of the gas behave as for the FMF (Figs. 5a
and 5b). The same behavior (not shown) appears for small Knud-
sen number Kny, Ma,, and Ma, but great Gr. Even better results
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Fig. 6 Comparison of DSMC results with the results for NS and FMF;
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could be, of course, obtained by increasing the number of simulated
particles.

If the cylinders are at the same temperature 7 and move with the
same angular velocity €2 the free molecular distribution function
is

- [ Q2(Rf—r2)]
= - exp| —
(2rkT)? 2kT

(14)

[vZ + (vo — @r)* + 2]
2kT

Xexp{—

which is also the solution of the Boltzmann equation (1) for any
Knudsen number Kn.

As a consequence, the distribution of the macroscopic variables
along r will be the same in the whole range of Knudsen number Kn,
from the FMF to the hydrodynamic limit.

A further proof of this is obtained by observing Figs. 6a and 6b,
where the FMF solution of Eq. (10), the NS solution from Eq. (3),
and the results of the numerical simulations all fall on the same
curve. This apparently trivial solution in a nontrivial system would
mean, according to a reviewer’s comment, that the distribution of
flow properties is evidently determined entirely by inertial effects
and the presence or absence of intermolecular collisions is of no
consequence.

Note that, as already mentioned, constant values of ¢ and k with
T have been assumed in all NS calculations. This assumption is not
quite correct at high Mach numbers at the walls, as in the case of
Fig. 5. However, in that case, where high 7" and high T gradients
are present in a layer close to the internal wall, whereas most of the
particles migrate toward the external wall, the NS model no longer
holds. The relative NS solutionsin Fig. 5 are reported for reference.

Transition Regime

We have seen that the NS model subjected to the usual first-order
slip conditions correctly describes the flow characteristicsfor ® =1
and Gr =0.1, and for Ma, < 1, Ma, < 1 provided that Kn, < 1.
On the other hand, when ® =1, Gr >0.1, Ma, and/or Ma, > 1,
the FMF model shows excellent agreement with the exact data for
Kny < 1. The same agreement can be realized V(Ma,, Ma,) when
Kny > 1. Finally, we recall that for £2; =€, and ® =1, the FMF
solution is the exact solution to the Boltzmann equation for any
Knudsen number Kny.
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Fig. 7 Comparison of DSMC results with the results for NS and FMF;
transition regime: ® =1, Kn( = 0.2, Ma, =0.5, Ma, =0, and Gr =0.1.

One of the motivations for studying the Couette flow between
cylinders was the initial assumption that the great variation of the
Knudsen number distribution along r, under the effect of great cen-
trifugal forces, might help a domain-separation-based investigation
of the flow characteristics. Such a procedure would have been in
line with the solutions obtained in Ref. 13, where the annulus is
approximated as a strip between parallel straight lines and a force
is imposed to simulate the centrifugal external force. However, this
approach failed in our cases because one of the two limit models
discussed before proved to be fairly satisfactoryin all of those situ-
ations where the Knudsen number presents great variations.

On the other hand, a thorough investigation of the simulated ex-
periments showed that, for Knudsen number Kn assuming values
that are usually considered as pertaining to the transition regime,
and for Ma, =0, Ma, < 1, Gr <0.1, the flow in the annulus can be
dividedin two subdomains where the mass density follows different
trends, although the local Knudsen number presents little variations
along r. In particular, the density decreases with r in a region adja-
cent to the internal wall, whereas the increasing trend predicted by
the continuum model is present in the rest of the field.

If we take, for example, the case in Fig. 7b, the FMF solution
and the continuum solution intersect at a point 7y where the DSMC
results show thata minimum value of p is present. We recall that the
FMEF solutionfor f and,consequently,for p dependson the constant
J, thatis, on the total mass m between the walls. Analogously, the
p distribution predicted by the NS equation depends on m. Then
point 7, such that the total mass in the annulus is conserved, can be
evaluated. Point 7 can be considered as a zeroth-order approxima-
tion of a fictitious boundary between the continuous region and the
rarefied region.

In all cases similar to the one we are discussing, one can realize
thatalineartangentialvelocitydistribution,as predictedby thelinear
slip flow NS model, is presentin a great part of the annular region,
whereas the rate of change of u is not satisfactorily evaluated. This
can be attributed to the boundary conditions not being correctly
imposed.

In the transitionregime, Eqs. (7) do not provide an accurate eval-
uation of the velocity slip A at the walls, A; =[ug(R;) — R 1/
(R} and A, =[ug(R,) — L R,1/ (£, R)). Of course, A| and A,
fall in a range from zero (no slip) to the FMF solution value. In
Tables 1-3 we presenta few calculationsrelative to the velocity slip
at the wall from DSMC (AMC), linear continuum theory (ANS), and
FMF (A™F) in the extremes of the Knudsen number Kn, range.
For Kny— 0, A increases linearly with Kn,, whereas A achieves
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Table 1 Velocity slip calculations: ® =1,
Ma, =0.5,Gr=0.1, and Kny =0.2

DSMC FMF NS
AME = —032 AMF= 050 ANS=-0.16
AME = 0.27 ATMF = 0.27 AN =013

Table2 Velocity slip calculations: ® =1,
Ma, =0.5,Gr=0.05,and Kny =0.2

DSMC FMF NS
AME = —032 AMF= 050 ANS=-0.16
AMC = 0.29 ATME =032 Al =014

Table 3 Velocity slip calculations: ® =1,
Ma, =0.5,Gr=0.05,and Kny =0.8

DSMC FMF NS
AMC = —042 AMF= —050 ANS=-0.16
ANC = 0.34 ATME = 0.27 AN =013
0.8
~ — — — N.S.1)
N ue/QRIO.7
~ |7/ NS.(2
N, 3333 DSMC

~
a) 1.00 1.01 1.02 1.03 1.04 /R,
/]
1.006 P/Po NS.
1‘004 3333 DSMC
1.002

b)

Fig. 8 Comparison of DSMC results with the results for NS and FMF;
transition regime: ® =1, Kny = 0.2, Ma, = 0.5, Ma, =0, and Gr =0.05.

its maximum value A, and is proportional to Kng1 as Knyg— oo,
As an example, at Kny =0.8, A is already well approximated by
its maximum free molecular value. We can then assume, for the
cases under consideration, that the exact A value is satisfactorily
approximated by A, = A™F in the range 0.1 <Kn <1.

Inany case, the parameterof mostinterestin rarefied gasdynamics
is the Knudsen number and Tables 2 and 3 show the great influence
of Knudsen number Kn, on the wall slip. However, the lesser influ-
ence of Gr is also considered because it may assume relevance in
applications related to centrifuges.

We can now contruct a solution in a particular situation such as
the one in Fig. 7a, where the NS(1) velocity profile with linear slip
boundary condition BC is practically linear with r almost every-
where.

First Ay . and A, . are taken as limits to the slip values and
the NS solution provides uy(7). The velocity profile between R; and
7 is thenrecalculatedby the FMF solution with the updated BC. The
proposed procedure was applied in a number of cases such as the
one in Figs. 7a and 7b. Further results are shown in Figs. 8 and 9,

— — — NS(1) ue/OR
~ - N.S.(2) 0.65
~| == DSMC 0.6

1.06 1.06 1.07 1.08 1'09r/R
1

a)
p/po
, — — — fm.f
\ NS.(1) 1.008
- s DSMC 1.00

1.05 1.06 1.07 108 11.09r/R.
b) /R,

Fig. 9 Comparison of DSMC results with the results for NS and FMF;

transition regime: ® =1, Kn( = 0.8, Ma; =0.5, Ma, =0, and Gr =0.05.

which show the influence of Gr and Knudsen number Kn, on the
solution. As mentioned, in these cases the density across the gap is
almost constant.Note in Fig. 8b how good the NS calculated density
distribution is, whereas the NS velocity profile needs the FMF BC
to approximate the exact data. Comparison of Figs. 7 and 8 show
that an increased gap moves 7 toward the external wall. Further-
more, Figs. 8 and 9 show the increased rarefaction effects due to an
increased Knudsen number Kn.

Recently the effects of temperature difference between the walls
and of a condensationhave been considered following a numerical
approach and a BGK approximation.'*'* We carried out a few sim-
ulations for ® £ 1, and the influence of the temperature parameter
on the field configuration in the transition regime proved to be very
significant. An investigationon these effects is beyond the scope of
this presentation and is left to a forthcoming paper.

Conclusion

Couette flow between concentric cylinders has heretofore been a
reference problemin rarefied gasdynamics as proven by the contin-
uing recent literature.!*'* One deals with a mathematical model of
a physicallyinteresting situation where mass forces can play a dom-
inant role. In spite of the simplicity of the model when described
either by the Boltzmann equation or by simpler models, exact and
evenapproximateanalytic solutions are missing for the general case.
This is the case for the one-dimensional problem, not to speak of
two- and three-dimensional macroscopic effects that may arise in
a unstable situation. A great number of numerical approaches have
been proposed, the latest one being the direct simulation based on
a MonteCarlo procedure. In this framework, the present paper has
reconsidered the problem with all of its limitations and in the whole
range of Knudsen numbers.

After validating the computational code against the analytic so-
lutions for the two extreme regimes of continuous flow and FMF,
the results of the direct simulations were taken as exact references
to evaluate the accuracy of a solution procedure for cases of tran-
sitional flow where, in spite of the centrifugal effects, the density
in the annularregion is practically constant. It has been proven that
the physical intuition that centrifugal force moves all of the gas to-
ward the external wall must be carefully considered. An analytic
solution for a linearized BGK model has been presented for a case
where only the numerical results were known, following a varia-
tional approach.!
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